By exploiting the permutation symmetry of Dick states, we derive closed analytical expressions of Schmidt decompositions for all possible bipartitions of a system described by this kind of state. This allows us to exhaustively compute the entropy of entanglement of the bipartitions and, thus, compare the their entanglement extent. We also address the multipartite character of Dicke states by calculating the purity of balanced bipartitions to determine the potential of multipartite entanglement (the average purity). In particular, we found that the entanglement of W states remains constant as the number of qubits is increased. As a final application we define a family of multipartite entanglement witnesses and compute their resistance against random and systematic imperfections. It is shown that in some circumstances, for a fixed white noise fraction, the entanglement becomes detectable only if one increases the amount of systematic imperfection in the state.
I. INTRODUCTION
The growing interest in multipartite entangled states is partly a consequence of the rush to find, classify, and quantify useful resources to a variety of tasks in the field of quantum information. For this reason the history of several of these states is relatively recent. Outstanding examples are Greenberger-Horne-Zeilinger (GHZ) states which appeared around 1990 in the context of Bell nonlocality [1] and graph states [2] , particularly, cluster states which were defined in 2001 as a fundamental resource to irreversible (one-way) quantum computation [3, 4] . These states have been formally introduced in the context of quantum information and before any actual counterpart could be produced in the laboratory.
One noticeable exception is that of Dicke states. They were introduced back in 1954 in an acknowledgedly important study on the spontaneous, coherent radiation emitted by a molecular gas [5] . Only much later these states started to be produced in a controlled way and investigated under the perspective of quantum information [6] . Presently, one may find several works reporting on the controlled experimental generation of this class of states, using different physical systems to encode the qubits [7] [8] [9] [10] [11] [12] [13] . Particularly, it is remarkable that a (singleexcitation) Dicke state involving hundreds of atomic ensembles has been recently engineered in a solid-state system [14] . Some of its properties have also been studied, as for instance, nonlocal correlations [15] , resistance against decoherence [16] , and dynamics [17] .
Dicke states are symmetric with respect to qubit permutations and present recurrences, which considerably simplify the study of arbitrary partitions. In this work we explore these symmetries to make an exhaustive analytical investigation of the entanglement associated with every possible cut. With this piece of information we are able to assess the capacity of Dicke states as repositories of multiparty correlations, by using the potential of multipartite entanglement (the average purity related to * parisio@df.ufpe.br the reduced density matrices of balanced bipartitions) as the figure of merit. Finally, we obtain a family of entanglement witnesses, with which we investigate the resistance of Dicke states against preparation errors, both, random and systematic. A tradeoff appears between the amount of these two imperfections, such that, in some cases, for a fixed amount of white noise, one must increase the systematic error for the entanglement to be detectable. Since the referred witnesses are appropriate for experimental investigations, we hope that this analysis may be useful in practice.
II. SETTING ONE QUBIT APART
Dicke states have been introduced as describing the internal degrees of freedom, ground (0) or excited (1), of the n molecules composing a gas. The system is admitted to be in a volume whose characteristic dimensions are small in comparison to the wave length of the radiation (corresponding to the transitions 0 ↔ 1), but large enough for the overlap between the individual molecular wave functions to be negligible, thus, avoiding the need of symmetrization. In this regime, although the molecules are distinguishable, one cannot identify which molecule emitted or absorbed a photon. Under these conditions the state of the n-molecule gas with k excited molecules is
which is the general form of a Dicke state [5] . The operatorP
performs the qth nontrivial permutation on the n entries of the ket.
The starting point of our study is the observation that definition (1) can be rewritten as:
where we dropped the tensor product symbol ⊗ (we will do so hereafter). First note that, due to the symmetry of the Dicke state, there is no need to specify which qubit is being singled out from the other (n−1) qubits in the previous equations. All partitions of the system into 1 qubit and (n − 1) qubits, which we denote by (1|n − 1), are equivalently described by the state (2). In addition, Eq.
(2) is a Schmidt decomposition for the referred bipartition. This allows us to use the well-settled theoretical apparatus concerning the entanglement of pure states of bipartite systems (the fact that the two Hilbert spaces have different dimensions is immaterial). One can immediately write the entropy of entanglement, S, bearing the partition (1|n − 1):
where the last argument in S indicates that one of the partitions has a single qubit. Given the total "size" of the system n, S attains its maximum value at k = n/2 [k = (n ± 1)/2] for n even (odd). For n even, S(n, n/2, 1) = 1 ebit, so that, the the qubit held by Alice is maximally entangled with Bob's part. For n odd, S(n, (n ± 1)/2, 1) = 1 − O(1/n). On the other hand, as the number of qubits grows and the number of excitations k remains fixed, the amount of entanglement shared between Alice and Bob decreases and approaches zero as n → ∞. A plot of the entropy of entanglement S(n, k, 1) as a function of n, for different values of k, is shown in figure 1(a) . Notice also that the first points of a given k-constant curve superimpose points of other curves referring to smaler values of k. This is a consequence of the fact that Dicke states |D (k) n and |D (n−k) n are related trough local operations and classical communication (LOCC). This drop in the entanglement as n grows and k remains fixed was already observed in reference [18] .
III. ALL BIPARTITIONS
One can use Eq. (2) self-consistently to expand |D 2 excitations and so forth. By repeating this procedure j times we obtain:
with q ′ = max(0, j + k − n) and q ′′ = min(j, k) (q ′′ > q ′ ). The validity of this expression can be proved, for any finite n, j, and k, via the principle of finite induction (see the Appendix). Note that Eq. (3) is a Schmidt decomposition for all bipartitions (j|n − j). We, therefore, can immediately write the entropy of entanglement corresponding to any bipartition as
where the complete symmetry between j and k is evident (also in the definitions of q ′ and q ′′ ). We stress that, in general, S(n, k, j) is different from S(n, k ′ , j), except in the mentioned case where k ′ = n − k, and these quantities cannot be led to coincide via LOCC. Therefore, Dicke states with different excitations k and k ′ are LOCC inequivalent (for k ′ = n − k). In Figs. 1(b) and 1(c) we plot S(n, k, j) as functions of n, for selected values of k and j = 2 and j = 3, respectively.
Although the previous expression is not very transparent regarding the dependence of S on the total energy (∼ k), the total size of the system (∼ n), and the proportion between the bipartitions (j), one property stands out: No matter the bipartition under consideration and the value of k, S increases slowly with the size of the system. There is a trivial, generic upper bound since two quantum systems with dimensions d 1 and d 2 can be seen as two qudits, whose maximal entanglement is given by log[min{d 1 , d 2 }], where, in the present case,
for any bipartition. In the specific case we have at hand, given the equivalence |D
the function S(n, k, j) presents a maximum at k = n/2, and, thus, due to the j-k symmetry, at j = n/2, for n even (the conclusions are unchanged for n odd). We, therefore, have S(n, k, j) ≤ S(2j, j, j) ≡ S max (n = 2j). This maximal entropy can be written as
for a system with n = 2j qubits. A plot of S max as a function of j = n/2 is shown in figure 2 . The data display a logarothmic asymptotic behaviour:
The continuous curve is a fitting with S = 0.50 log(n/2)+ 0.5475 and the inset shows a plot of S max against log(n/2) for 1900 ≤ n ≤ 2000, where the continuous line corresponds to the same fitting. So, the entropy of entanglement related to arbitrary bipartitions of general Dicke states is not additive with respect to the number of qubits, as is a thermodynamic entropy. In the special case of Dicke states this comparison is not out of place. The point, specific to Dicke states, |D superposition of all possible classical microstates compatible with the macroscopic constraint that defines the microcanonical ensemble (fixed energy and particle number). In fact, a completely decohered Dicke state exactly describes a classical system of n particles with total energy E = ǫk, where ǫ is the energy difference between the individual excited and ground states. Explicitly, under full decoherence we obtain
where 1 E denotes the identity operator in the space of fixed energy (E = kǫ). The state in the right-hand side obeys the postulate of equal probabilities a priori and corresponds to a genuine microcanonical equilibrium state, thus having a classically well defined internal energy and Boltzmann entropy (S). It is straightforward to show that the von Neumann entropy of ρ (k) n becomes the Boltzmann entropy. Using a system of units such that k B = 1 and taking the logarithms in the binary basis, the thermodynamic entropy associated with any bipartition of a classical system described by the state in the right-hand side of (8) grows linearly with the size of the total system, n, as it should. Therefore, S max /S −→ 0 as n → ∞. Bipartitions associated to the microcanonical constraint are more relevant as entropic repositories in the classical case.
IV. MUTLTIPARTITE ENTANGLEMENT
A. The potential of multipartite entanglement So far we have been concerned with the entanglement related to arbitrary bipartitions, however, with the previous results it is possible to analyse some aspects of the multipartite entanglement of |D (k) n itself. In 2008 Facchi et al [19] , based on an early work by Scott [20] , proposed a way to assess the multipartite entanglement of pure states, which becomes extremely simple in the present case. The relevant figure of merit is inspired in the fact that, for bipartite systems described by pure states, the larger the entanglement, the more mixed is the reduced density matrix of either of the two subsystems. It is reasonable to think that, for a multipartite system, if all possible balanced bipartitions lead to maximal mixedness in the reduced subsystems, then, the whole state has a large entanglement. By a balanced bipartition the authors of [19] mean any cut (n/2|n/2) [(n/2 + 1/2|n/2 − 1/2)] for n even (odd). Let us denote the purity of a particular balanced bipartition K of a multiparty state |Ψ as Π K The potential of multipartite entanglement is defined as the average purity of all balanced bipartitions:
In this context the maximally entangled state is defined in [19] as a minimizer of Π ME . Of course, this definition only captures certain aspects of multipartite entanglement, and the term "maximally entangled" has no absolute meaning. For two and three qubits, the minimizers are Bell and Greenberger-Horne-Zeilinger (GHZ) states, respectively. These are examples of perfect minimizers, since the lower bound attains the minimal algebraic value of 2 −n/2 . This is also possible for five and six qubits, but in all other cases (4 qubits or more than 6 qubits), it is a mathematical impossibility to attain the algebraic minimum in all balanced bipartitions (It is curious that the case involving 7 qubits was closed a few months ago [21] ). The minimization of the purity associated with some bipartitions precludes full minimization in some other bipartition(s), i. e., frustration takes place.
From our previous discussion on Dicke states it is immediate that all balanced bipartitions are completely equivalent and, consequently, all Π K are equal. So, we just have to calculate the purity of one (any) balanced bipartition to get Π ME (|D (k) n ). For n even, the reduced density operator of a balanced bipartition is given by
where 1 ≤ k ≤ n/2. Therefore, the associated purity,
n ) and reads
from which it is clear that Π ME (|D
), the equality corresponding to k = n/2. The extremal situations are k = 1 and k = n/2. From the previous equation it is easy to show that Π ME of a n-qubit Dicke state with a single excitation, a W state, does not depend on n:
Therefore, according to this quantifier, the entanglement of a W state does not increase with the number of qubits. In the other extreme, when the number of excitations corresponds to half of the number of particles, we have the Dicke state with minimal potential of multipartite entanglement (recall that maximal multipartite entanglement is associated with the minimization of Π ME ). In this case
In the limit of large n, one can use the asymptotic result
νℓ . This result, together with the asymptotic limit of the combinatorial symbol, lead to
Therefore, while Π ME of Dicke states with a single excitation remain constant as n grows, it asymptotically decreases as n −1/2 for Dicke states with k = n/2. Again, for n odd the results are qualitatively the same. These values are much larger than numerically calculated minimizers, which, even with frustration, attain values close to the algebraic minimum of 2 −n/2 .
B. Multipartite entanglement witnesses
Here we Bourennane et al. [22] provided a scheme for the construction of multipartite entanglement witnesses [23, 24] . Given an entangled state |Ψ the witness they build would be able to detect entanglement of |Ψ and states close to it. The witness W reads:
where α is the square modulus of the highest Schmidt coefficient over all possible bipartitions. Whenever we find a state |Ψ for which W < 0, then, multipartite entanglement is certified.
Since we have explicit Schmidt decompositions for all possible bipartitions of a n-partite system the representation of such witness is immediate. Considering that the partition that maximizes the Schmidt coefficient must be the same that minimizes the entropy, α corresponds to j = 1. Given the LOCC equivalence between Dicke states of n qubits with k and n−k excitations, we will only consider 1 ≤ k ≤ n/2. Therefore, the explicit form of the family of witnesses we consider here is
A direct application of those witnesses is to test the entanglement resistance of Dicke states in the presence of noise. Consider a state ρ k = p
n |, the question is how large can p be so that we can still witness entanglement with W k . One can easily show that the maximum value of white-noise admixture:
This improves on previous results by Tóth specifically for k = 1 and k = n/2 [25] , but is valid for any k with
Another possibility is to verify the influence of a systematic asymmetry in a Dicke state. For instance, let us consider the state
where 0 ≤ a ≤ 1 sets the amount of asymmetry in the state. Note that, we consider an energy-preserving asymmetry, since the second term in the previous expression is also related to k excitations [26] . For a = 0 we simply get |φ
n , while for a = 1 the state is separable. Using definition (15), we can easily show that the expectation value of witness (15) is
, from which it is easy to check that |D (n/2) n has a more robust entanglement as a grows in comparison to other Dicke state, especially to |W n . This is, in fact, expected in the light of the results in the previous sections.
A more interesting situation appears when we consider that the states of interest present both, some systematic and random imperfections simultaneously. This is clearly a situation of practical interest. The imperfect state reads
and elementary calculations to evaluate Tr(
In fig. 3 we show the regions in the a-p plane in which multipartite entanglement can be certified (red) and the regions for which W The behaviour of the separatrix W (k) n = 0 (continuous curve) is not monotonous in the variable p as a varies. This is particularly evident for the imperfect W state, fig. 3(b) , for which, in the absence of any systematic error (a = 0), the maximum amount of white noise tolerated is p max ≈ 0.10. However, for a ≈ 0.30 the maximum noise fraction becomes p max ≈ 0.18. So, if we have some basal white noise fraction p, not easily removable, then if 0.10 < p < 0.18, we may, purposefully, increase the amount of asymmetry of state (17) in order to make its entanglement detectable by the witness (15) . This effect is also present for the state with k = 5, fig. 3(a) , but it is much less pronounced: while for a = 0 we have p max ≈ 0.500, for a ≈ 0.063 we get p max ≈ 0.502.
One can understand this effect by rewriting (17) as
, where ρ color can be easily determined through (17) . So, there is a compromise: On the one hand, by increasing a we decrease the extent of |D (k) n in the mixture, and, on the other hand, we weaken the effect of white noise, by giving it some color. Under this perspective, it is not surprising that, given some amount of white noise, the optimal value of a is nonzero.
Finally, it is well known that by tracing over one of the quibits in a W state, the remaining system is still entangled. This result is generalized here, for, it is easy to prove that by tracing |D (k) n over a single qubit, the witness W (k) n−1 is still able to detect the remaining entanglement.
V. SUMMARY AND CONCLUSION
Dicke states are completely symmetric with respect to permutation of particles, which leads to recurrences between states involving different number of particles and excitations. By using these recurrences, we provide a closed form for Schmidt decompositions of all bipartitions of a n-qubit system in an arbitrary Dicke state. We found an upper bound for the entropy of entanglement related to these bipartitions and showed that S(arbitrary bipartition of |D (k) n ) < (1/2) log(n/2) as n → ∞. After full decoherence, |D (k) n becomes a classical microcanonical state in the thermodynamical limit of n, k → ∞ with k/n finite. In this case, we can compare the amount of entropy before and after decoherence takes place: Bipartitions are more entropic in the classical case than in the quantum domain.
It is possible to detect and partially quantify multipartite entanglement solely on the basis of an exhaustive knowledge on the bipartitions of the system of interest. We, therefore, used our characterization to calculate the potential of multipartite entanglement of Dicke states. While, according to this measure, the entanglement of a W state doesn't depend on the number of qubits, the potential of a balanced state, with k = [n/2], decreases as n −1/2 for large n. This value is away below the minimum algebraic value, which goes as 2 −n/2 . We also defined a family of entanglement witnesses, whose usefulness has been demonstrated with simple examples. It is hoped that these results can be used in the laboratory since the witness defined in [22] , which in our work assumes the form (15) , is particularly amenable to experimental realizations.
VI. APPENDIX
To demonstrate relation (3) we use the principle of finite induction. Thus, we start proving its validity for j = 1, then we show that if it is valid for an arbitrary value of j it holds for j + 1.
First, let us show that it is valid for j = 1. We write |D n−1 , which agrees with relation (2) presented in the body of the text. Now we are going to test if assuming its validity for some arbitrary j it is also valid for j + 1. Rigorously, we have to consider four different situations: j ≤ k and 0 > j − n + k, j > k and 0 > j − n + k, j ≤ k and 0 ≤ j − n + k, and j > k and 0 ≤ j − n + k. Here we address the case j ≤ k and 0 > j − n + k, similar steps can be performed in all other situations. Inserting relation (2) into (3) we get:
(n − j)!k!(n − k)! n!(k − q)!(n − k − j + q)! j q 1 2 n − j − k + q n − j 1 2
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We may rearrange the previous equation to get:
At this point it is convenient to write q ′ = q − 1 in the second sum in the previous equation. We get: 
Now we define j ′ such that j ′ = j − 1, which leads to:
